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Abstract: This paper gives another representation of general fractional exponential function and fractional
logarithmic function. In addition, we discuss some properties of them based on Jumarie type of Riemann-Liouville
(R-L) fractional calculus. These properties are the same as those of classical exponential function and logarithmic
function. The main methods used in this paper are the chain rule for fractional derivatives and a new multiplication
of fractional analytic functions.
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I. INTRODUCTION

After the long-term unremitting efforts of many scholars, fractional calculus theory has been established to a certain extent.
With the development of computer technology, fractional calculus is widely used in various fields of science and
engineering, such as physics, mechanics, signal processing, viscoelasticity, economics, bioengineering, and control [1-7].
At present, the definitions of fractional calculus mainly include Riemann-Liouville (R-L) type, Caputo type, Grunwald-
Letnikov (G-L) type, Weyl type, Riesz type, Jumarie type, etc [8-11].

In this paper, we provide another representation of general fractional exponential function and fractional logarithmic
function. Moreover, several properties of them are obtained based on Jumarie's modified R-L fractional calculus. A new
multiplication of fractional analytic functions, and the chain rule for fractional derivatives play important roles in this paper.
In fact, the results obtained in this article are generalizations of those in traditional calculus.

Il. PRELIMINARIES
The fractional calculus used in this article and some properties are introduced below.

Definition 2.1 ([12]): Suppose that 0 < a < 1, and x, is a real number. The Jumarie's modified Riemann-Liouville (R-L)
a-fractional derivative is defined by

DN (O = gy o Fo . )

IF(1-a)dx“xo (x-t)%
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And the Jumarie type of R-L a-fractional integral is defined by

(xola)[f(x) I'(a) f;:] (x ft(;? a dt (2)

where I'( ) is the gamma function.

Proposition 2.2 ([13]): Let a, B, x,, C be real numbersand § = a > 0, then

a _ r(B+1) «
(e, DE)[(x — x0)#] = - m)(x x0)F~ 3)
and
(x,PE)[C] = 0. @)

Next, we introduce the fractional analytic function.

Definition 2.3 ([14]): Let x, x,, and ak be real numbers for all k, x, € (a,b),and 0 < a < 1. If the function f,: [a,b] - R

can be expressed as f, (x%) = Y- Om (x — x0)** , an a-fractional power series on some open interval containing x,,

then we say that f,, (x*) is a-fractional analytic at x,. Moreover, if f,: [a, b] = R is continuous on closed interval [a, b] and
it is a-fractional analytic at every point in open interval (a, b), then f, is called an a-fractional analytic function on [a, b].

In the following, a new multiplication of fractional analytic functions is introduced.

Definition 2.4 ([15]): If 0 < @ < 1, and x, is a real number. Let f, (x%) and g, (x%) be two a-fractional analytic functions
defined on an interval containing x, ,

Fux) = Dot (= x)" = S0 % (i = 1)) (5)
0 = N s (= 1) = N0 2 (i = x0)) (6)
Then
fo () ® go(x)
= S0 s (¢ = %0)* © Bieo iy (¢ — xo)*
= 5o (Zhio (5) @hmbm) G = 300 )
Equivalently,
fa(x%) & go(x*)
= S0 % (s = x)) @ B (s = x))
= 502 (Shimo (X) arcmbn) (s e = 20)%) ©®)

Definition 2.5 ([15]): Let0 < a < 1,and f,(x%), g,(x%) be two a-fractional analytic functions defined on an interval
containing x, ,

fue®) = Bioratas (2 = o) = Bito B (r (o — W) ©)
(&) = Do s (6 = x0)* = T 1 (o (8 = %0)° )’ (10)

The compositions of f, (x%) and g, (x%) are defined by
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(fr 0 9@ = fu(9ax®) = B0 % (g (x) ", (11)
and

Ga © f) @) = gafa@®) = B0 2 (o (x)) ™. (12)
Definition 2.6 ([15]): Let 0 < a < 1. If f,(x%), g, (x%) are two a-fractional analytic functions at x, satisfies

(fo° 9% = (G © f) (6D = 1oy O = x0)" (13)

Then f,(x%), g, (x*) are called inverse functions of each other.
The followings are some fractional analytic functions.

Definition 2.7([16]): If 0 < a < 1, and x is a real number. The a-fractional exponential function is defined by

ka ®k
ay—yo X _yo 1( 1 ,a
Ea(x®) = Xic=o T(ka+1) Lic=03, (F(a+1)x ) : (14)

And the a-fractional logarithmic function Ln, (x%) is the inverse function of E,(x%). In addition, the a-fractional cosine
and sine function are defined respectively as follows:

o o (~1)kx2ka oo (—1)k 1 . ®2k
cosq (x) = Xk=o [(2ka+1) Li=o 2k)! (F(zx+1)x ) ' (15)
and
. v (_1)kx(2k+1)¢z_ o (_1)k 1 @ ®(2k+1)
Sing (x%) = Yo [((2k+Da+1) 2":0(2k+1)! (F(a+1)x ) ) (16)

The main methods used in this paper are introduced below.

Theorem 2.8: (chain rule for fractional derivatives) ([16]): Assume that 0 < a < 1,x, is a real number, and
fa(x%), g, (x%) are a-fractional analytic functions at x = x,. Then

(xng)[fa(ga(xa))] = (xng)[fa(xa)](ga(xa)) ® (xoDJ?)[ga(xa)]- (17)

Definition 2.9 ([16]): Suppose that 0 < a < 1, and f,(x%), g, (x%) are two a-fractional analytic functions. Then the a-
fractional power exponential function £, (x®)®9a™* s defined by

fu )95 = B, (g0 (x®) @ Lng(fu(xD))- (18)

Theorem 2.10 ([17]): Assume that 0 < @ < 1, and f,(x%), g,(x%) are two a-fractional analytic functions at x = x,.
Then the a-fractional derivative of the a-fractional power exponential function fa(x“)®9“("“) is

« « Dy )9 (xM)] & Lng(fo(x®)
(xng)[fa(xa)&ga(x )] = £, (x*)®9aDg < (xoax) Ja oy a(fz ) ). (19)
+9a(x9)® fo(x*%) ®(x0Dx)[fa(x )]
I11. RESULTS AND PROPERTIES
Definition 3.1: Let0 < a < 1,and a, > 0,a, # 1. Then
1 a
0 T = B, <F(a1+1)xa ® Ln“(a“)> = Ea (Ln“(a“) ' F(a1+1) xa) (20)
is called the a-fractional exponential function based on a,, .
Definition 3.2: Let 0 < @ < 1. We define
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1 1

1 [eS)
€a = E,(1) =1+ rarD T tean TS Zic=o T(ka+1) ° (21)
Proposition 3.3: Suppose that 0 < a < 1. Then
Ln,(e,) = 1. (22)
And
P ——
Eq(x®) = e M@+ . (23)
Proof Lng(es) = Lng(E,(1)) = 1. Thus
®F( 1+1)xa — 1 a _ a
N C =E, r@n ¥ R Lng(ey) | = Eq(x%) . Q.ed.
1
Theorem 3.4:1f0 < a <1,and a, > 0, a, # 1. Then the a-fractional derivative of aa®F<a+1)xa ,
1 1
(o) [ | = ino(a) - O (24)
Proof Using Theorem 2.10 yields the desired result holds. Q.e.d.
Corollary 3.5: Assume that 0 < @ < 1, then
P x| _ ®@—x®
( ODx) e, Tt = e, T@)’ (25)

1 a
Definition 3.6: Let 0 < « < 1, and a, > 0,a, # 1. Then we define Log,,(x*) is the inverse function of aa®F(a+1)x .In
particular, Log, (x*) = Lng(x®).

Theorem 3.7: Assume that 0 < a < 1, and a, > 0, a, # 1. Then the a-fractional derivative of Log, (x%) ,

(oD9)[Loge, (x9)] = —— [Z=xe]” . (26)

Ing(ag) LT(a+D

Proof Since a,®-°9aa™*®) = x?, it follows that

I'(a+1)
(oD8)[ag® 09e] = 1. (27)
On the other hand, by Theorem 2.10, we have

( OD)(Cz)[aD[@Logaa(x“)] = Ln,(a,) - aa®Logaa(x“)®( ODJ?)[Logau (xa)]

1
= Lny(a,) - F(Ml)x"‘®( oDE)[Loga, (xM)]. (28)
Therefore,
1 1 ®-1
( OD’?)[LOga“(xa)] = Lng(aq) ’ [F(a+1) x“] ' Qed
Proposition 3.8: Let0 < a < 1,anda, > 0, a, # 1. Then
aa@(mxuﬁya) = aa®ﬁxu®aa®ﬁy ° (29)
Loga,(x*®y®) = Loga,(x*) + Loga,(y®). (30)
Proof By Definition 3.1,
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1

1
o, Brer @) = g, (Lna(aa) (far* + a))

Ia+1)

1
I'(a+1)

= E, (Lna(aa) ) xa) ®E, (Lna(aa) - xa)

I(a+1)
1 a 1 a
= q, %@ @q, O’

On the other hand, since

®(L09a (xa®ya)) _ 1 a 1 a
Qa ¢ - F(a+1)x ®F(a+1)y ) (1)

And

aa®(Logaa(x“)+Logaa(y“))

a a
= aa®L09aa(x )®aa®L09aa(Y )

__ 1 a 1 a
= t@n® Cram? (32)

It follows that
Logq,(x*®y*) = Loga,(x*) + Loga,(y®). Q.e.d.
IV. CONCLUSION

In this article, we obtain another representation of general fractional exponential function and fractional logarithmic
function. In addition, based on Jumarie modification of R-L fractional calculus, some properties of them are discussed. A
new multiplication and the chain rule for fractional derivatives play important roles in this paper. In fact, the results we
obtained are generalizations of those of classical exponential function and logarithmic function. On the other hand, the new
multiplication is a natural operation of fractional analytic functions. In the future, we will use fractional exponential function
and logarithmic function to study the problems in engineering mathematics and fractional differential equations.
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